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Motivation: Optimal and Robust Exploration
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Introduction to Ergodicity

Ergodicity
I A trajectory is said to be ergodidf, on average, it spends time
in regions proportional to the utility of exploring said area

Desired coverage distribution

' For !y " # ,ergodic trajectories guarantee complete coverage
lim / d(g o x(t))dt = ¢ (w)dw
tf—00 f
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Problem Formulation

I Given an area with many obstacles, guarantee  #
safe navigation without loss of coverage quality K

| Safety defined as guaranteeing setinvariance
over safe-set (using a Control Barrier Function?)

C={xe X|B(zxr)>0}

min ||t — Unom ||
u

s.t. B(z,u) =VB(z) - f(z,u) > —v(B(z)) Yuell
and © = f(z,u)

x € 0C,3u € U s.t.
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Safety Guarantees in Ergodic Control (CBF)

iy

?\\)/ N ’(:"'9 : = ‘_‘ -5
Problem Formulation SN & "‘
Issue: le4 '

I Safety “filter” overrides future actions that
inhibit effective exploration

C={xe X|B(zxr)>0}
min ||t — Unom ||
u

s.t. B(z,u) =VB(z) - f(z,u) > —v(B(z)) Yuell
and © = f(z,u)

Ax E.ac,':]u € Us.t.
\}\ B(x,u) =0

e oy -
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Safety Guarantees in Ergodic Control (CBF)

Solution E(x,0) =Y Ax(cr(x) — én)”
I Jointly solve for coverage + safety e _
| 'We solve problem over discrete trajectories _ k% A, (% Z Fr(g(zy)) — /W d(w) Fi(w)

mmE (x,0) + Zu Ruy
Safety Guarantees

I Satistied through barrier
constraint

Li4+1 = f(xt,ut),xt - X,Ut - Z/[

s.L. To = To, o171 = Ty,g(x) EW I Ergodic metric local minima
AB(x,up) > —vB(xy) provide additional flexibility
| Generic to various notions of

safety

Yale SCHOOL OF ENGINEERING [1] Lerch, Cameron, Dayi Dong, and lan Abraham. "Safety-critical ergodic exploration in

cluttered environments via control barrier functions." In 2023 |IEEE International
& APPLIED SCIENCE Conference on Robotics and Automation (ICRA), pp. 10205-10211. IEEE, 2023.  °
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Reachability in Ergodic Control

Problem Formulation
I Can we guarantee coverage fidelity under dynamic disturbances?
I Problem can be thought of as a reachability problem achieving levels of ergodicity

Hamilton-Jacobi-Isaacs Reachability Problem

Find V : X X [to,t¢] — R that satisfies t
min 4 (), +/ utTRutdt}
o min {E().0)+ | u(®) Ru(t)
5; — — minmax H(x,u,d,t)

ul) ) (re X, uel,g(x) eW
St ZC(tQ) :.fo,ZU(tf) :Q_Jf

where the Hamiltonian H is defined as z=f (x 3 u)
Lh1(z,u) < 0,hay(x,u) =0

and V(x,ty) = m(x),

\

. v\ '
H(xz,u,d,t) = l(z,u,d,t) + I flx,u,d,t).
Yale SCHOOL OF ENGINEERING
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Reachability in Ergodic Control

Extended Ergodic State
I 'We can define an extended stdtex converts problem into Bolza-form for HJI

Extended Ergodic Control Problem

Definition 1 Extended ergodic state. The ergodic metric can be equivalently

expressed as w/ Disturbance

1), 6,t;) = Z Ay (en(z —é)? Find w : [to,tf] = U that minimizes

kerv 1 t
- ténz(mui Foors caso = e {2003 + | tatr) utryar},
f 0
where z(ty) = [20,21,...,2xcv|] | is the solution to subject to
4 = Filg(a(t))) — o4 1) B(t) = Fo(t), u(t), d(t))

with initial condition z(tg) = 0, and A = diag(A) is a diagonal matrix consisting Zp(t) = Fr(g(x(t))) — éx, Vk € K
of the weights A = [Ag, ..., Ajcv|]. and zy(tg) =0

[1] De La Torre, Gerardo, et al. "Ergodic exploration with stochastic sensor
dynamics." "#3$%&'()*+,-%./-0)/1%./-2()(-+(%3&..4 . IEEE, 2016.
Yale SCHOOL OF ENGINEERING [2] Mathew, George, and Igor Mezi¢. "Metrics for ergodicity and design of ergodic
dynamics for multi-agent systems." 5678*+, 9:%;/-1*-(,)%56(-/'(-, 240.4-5
& APPLIED SCIENCE (2011): 432-442. 14



Reachability in Ergodic Control

Extended Ergodic State
I 'We can define an extended stdiex converts problem

into Bolza-form for HJI

Extended Ergodic Control Problem w/ Disturbance

Find w : [to,tf] — U that minimizes

Tworst case = max {%”Z(tf)”i + /tof {(z(T), u(T))dT}, (1a)
subject to
&(t) = f(x(t), u(t),d(t)) (1b
k(1) = Fr(g(x(t))) — ér, Vb € K (L
and zx(tg) = (1d
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Time-Optimality in Ergodic Control \/\/

Problem Formulation wkqw

I 'What is the minimum time a robot needs to explore an area?
I Ergodic metric based on average time trajectory visits area W :

I Metric calculated using Fourier spectral decomposition &
I promotes uniform coverage based on utility measure

E(x(t), )= Y Ak (ck — or)’

keKv

- Z Ak (t_/ Fk(g(m(t)))dt _/ ¢('U))Fk(w)dw) [Credit:SubT/:I'eamCoStar]
f Jto w

kekv

I Ergodic metric is inversely proportional to time and can act as constraint to
bound time

[1] Calinon, Sylvain. "Mixture models for the analysis, edition, and synthesis of continuous time series." "#$%&'(!)*'+,(-.*(/00+"1-$")., (2020): 39-57.
[2] Dong, Dayi, Henry Berger, and lan Abraham. "Time Optimal Ergodic Search." Robotics: Science and Systems (2023).
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Time-Optimality in Ergodic Control

Problem Formulation
I 'We can rewrite ergodic trajectory optimization asi@mumtime
problemvith the ergodic metric as a constraint

Time-Optimal Ergodic Trajectory Optimization: >| C* &*7*D" #*7" |
]

min ty ]
z(t) u(t).ty

reXuel )
) =30 [149@"+#,#0,=,&(7*+5A,"BA(L#A]

z(ty) =Zf,9(x) €W (&-:,*&"84(1*#; ,+O&5#)(*&.#5A

1(113,’11) < O,hg(.’B,U) :y

£(2(t), 9, t7) < Afer>-0—

S.L.

<&=,7*&*747,")>0=*+ +0")(>",
+0&5#)(*&#R)?#HAH#* 1 #,,7"(54)"

ﬁ
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Time-Optimality in Ergodic Control

Numerical Solutions

I Locally optimal conditions proven to exist (based on Maximum Principle)
Il Computationally hard to compute

Direct transcription can be used to compute solutions (based on KKT conditions)

min ¢
x,u,ty f : !#ul $*Dn,n&+0:":’#.)o4>. ,G,H&O#’ |
Et =% | BHS
t ) f.t_e u
P e G e S (0w}, F)(@"+#0); ,#)(&5+)*9"=,0"),G,H&0#,
N = 5p,9(0e) € WY TO*&#H5
}El(xa u) < 07 h2(x7 ll) =)
\[g(x7¢7tf) 37 “’f >0

E)>O:*+,7"#)*"',+(1+41(#":,O'")’
:*5+)|l#|$¢*7u,#)(@ll_l_#o);’
Yale scHOOL OF ENGINEERING
[1] Dong, Dayi, Henry Berger, and lan Abraham. "Time Optimal Ergodic
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Example Time-Optimal Ergodic Trajectories

Optimal Time: 10.07
Erg. Upper Bnd: 0.1

Optimal Time: 10.24
Erg. Upper Bnd: 0.2
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